Noncommutative tori are among historically the oldest and by now the most developed examples of noncommutative spaces. Noncommutative Yang-Mills theory can be obtained from string theory. This connection led to a cross-fertilization of research in physics and mathematics on Yang-Mills theory on noncommutative tori. One important result stemming from that work is the link between T-duality in string theory and Morita equivalence of associative algebras. In this article we give an overview of the basic results in differential geometry of noncommutative tori. Yang-Mills theory on noncommutative tori, the duality induced by Morita equivalence and its link with the T-duality are discussed. Noncommutative Nahm transform for instantons is introduced.
The component ch 0 (E) = Tr1 ≡ dim(E) is called the dimension of module E. A distinctive feature of the noncommutative Chern character (11) is that its image does not consist of integral elements, i.e. there is no lattice in L * θ that generates the image of the Chern character. However there is a different integrality statement that replaces the commutative one. Consider a basis in L * θ in which the derivations corresponding to basis elements satisfy (7) . Denote the exterior forms corresponding to the basis elements by α 1 , . . . , α d . Then an arbitrary element of Λ(L * θ ) can be represented as a polynomial in anticommuting variables α i . Next let us consider a subset Λ even (Z d ) ⊂ Λ even (L * θ ) that consists of polynomials in α j having integer coefficients. It was proved by Elliott that the Chern character is injective and its range on K 0 (T 
Note that the anticommuting variables α i and the derivatives ∂ ∂α j satisfy the anticommutation relation {α i ,
The coefficients of µ(E) standing at monomials in α i are integers to which we will refer as the topological numbers of module E. These numbers also can be interpreted as numbers of D-branes of a definite kind although in noncommutative geometry it is difficult to talk about branes as geometrical objects wrapped on torus cycles.
One can show that for noncommutative tori T d θ with irrational matrix θ ij the set of elements of K 0 (T d θ ) that represent a projective module (i.e. the positive cone) consists exactly of the elements with a positive dimension. Moreover if θ ij is irrational any two projective modules which represent the same element of K 0 (T d θ ) are isomorphic that is the projective modules are essentially specified in this case by their topological numbers.
Complex defferential geometry of noncommutative tori and its relation with mirror symmetry is discussed in [17] .
Yang-Mills theory on noncommutative tori
Let E be a projective module over T d θ . We call a Yang-Mills field on E a connection ∇ X compatible with the Hermitian structure, that is a connection satisfying
for any two elements ξ, η ∈ E. Given a positive-definite metric on the Lie algebra L θ we can define a Yang-Mills functional
Here g ij stands for the metric tensor in the canonical basis (7), V = |det g|, g Y M is the Yang-Mills coupling constant, Tr stands for the canonical trace on End T θ E discussed above and summation over repeated indices is assumed. Compatibility with the Hermitian structure (13) can be shown to imply the positive definiteness of the functional S Y M . The extrema of this functional are given by the solutions to the Yang-Mills equations
A gauge transformation in the noncommutative Yang-Mills theory is specified by a unitary endomorphism Z ∈ End T θ E, i.e. an endomorphism satisfying ZZ * = Z * Z = 1. The corresponding gauge transformation acts on a Yang-Mills field as
The Yang-Mills functional (14) and the Yang-Mills equations (15) are invariant under these transformations.
It is easy to see that Yang-Mills fields whose curvature is a scalar operator, i.e. [∇ i , ∇ j ] = σ ij · 1 with σ ij a real number valued tensor, solve the Yang-Mills equations (15) . A characterization of modules admitting a constant curvature connection and a description of the moduli spaces of constant curvature connections (that is the space of such connections modulo gauge transformations) is reviewed in [4] . Another interesting class of solutions to the Yang-Mills equations is instantons (see below).
As in the ordinary field theory one can construct various extensions of the noncommutative Yang-Mills theory (14) by adding other fields. To obtain a supersymmetric extension of (14) one needs to add a number of endomorphisms X I ∈ End T θ E that play the role of bosonic scalar fields in the adjoint representation of the gauge group and a number of odd Grassmann parity endomorphisms ψ α i ∈ ΠEnd T θ E endowed with an SO(d)-spinor index α. The latter ones are analogs of the usual fermionic fields.
In string theory one considers a maximally supersymmetric extension of the Yang-Mills theory (14) . In this case the supersymmetric action depends on 10 − d bosonic scalars X I , I = d, . . . 9 and the fermionic fields can be collected into an SO(9, 1) Majorana-Weyl spinor multiplet ψ α , α = 1, . . . 16. The maximally supersymmetric Yang-Mills action takes the form
Here the curvature indices F µν , µ, ν = 0, . . . , d − 1 are assumed to be contracted with a Minkowski signature metric, σ A αβ are blocks of the ten-dimensional 32 × 32 Gamma-matrices
This action is invariant under two kinds of supersymmetry transformations denoted by δ ǫ , δ ǫ and defined as
where ǫ is a constant 16-component Majorana-Weyl spinor. Of particular interest for string theory applications are solutions to the equations of motion corresponding to (17) that are invariant under some of the above supersymmetry transformations. Further discussion can be found in [4] .
Morita equivalence
The role of Morita equivalence as a duality transformation in noncommutative Yang-Mills theory was elucidated by A. Schwarz in [15] . We will adopt a definition of Morita equivalence for noncommutative tori which can be shown to be essentially equivalent to the standard definition of strong Morita equivalence. We will say that two noncommutative tori T 
where T θ on the right hand side is considered as a (T θ , T θ )-bimodule and analogously for Tθ.
(It is assumed that the isomorphisms are canonical). Given a T θ -module E one obtains a Tθ-moduleÊ asÊ
One can show that this mapping is functorial. Moreover the bimodule Q provides us with an inverse mapping Q ⊗ TθÊ ∼ = E.
We further introduce a notion of gauge Morita equivalence (originally called "complete Morita equivalence") that allows one to transport connections along with the mapping of modules (20)
Here δ X andδ X are standard derivations on T θ and Tθ respectively. In other words we have two Lie algebra homomorphisms
If a pair (P, ∇ P X ) specifies a gauge (T θ , Tθ) equivalence bimodule then there exists a correspondence between connections on E and connections onÊ. A connection∇ X onÊ corresponding to a given connection ∇ X on E is defined as
More precisely, an operator 1 ⊗ ∇ X + ∇ P X ⊗ 1 on P ⊗ C E descends to a connection∇ X onÊ = P ⊗ T θ E. It is straightforward to check that under this mapping gauge equivalent connections go to gauge equivalent ones
The curvatures of∇ X and ∇ X are connected by the formula The duality group SO(d, d|Z) also acts on the topological numbers of moduli µ ∈ Λ even (Z d ). This action can be shown to be given by a spinor representation constructed as follows. First note that the operators a i = α i , b i = ∂/∂α i act on Λ(R d ) and give a representation of the Clifford algebra specified by the metric with signature (d, d) . The group O(d, d|C) thus can be regarded as a group of automorphisms acting on the Clifford algebra generated by a i , b j . Denote the latter action by
This projective action can be restricted to yield a double-valued spinor representation of The mapping (23) preserves the Yang-Mills equations of motion (15) . Moreover, one can define a modification of the Yang-Mills action functional (14) in such a way that the values of functionals on ∇ X and∇ X coincide up to an appropriate rescaling of coupling constants. The modified action functional has the form
where Φ jk is a number valued tensor that can be thought of as some background field. Adding this term will allow us to compensate for the curvature shift by adopting the transformation rule
Note that the new action functional (27) has the same equations of motion (15) as the original one. To show that the functional (27) is invariant under gauge Morita equivalence one has to take into account two more effects. Firstly, the values of trace change by a factor c = dim(Ê)(dim(E)) −1 asTrX = cTrX. Secondly, the identification of L θ and Lθ is established by means of some linear transformation A k j the determinant of which will rescale the volume V . Both effects can be absorbed into an appropriate rescaling of the coupling constant.
One can show that the curvature tensor, the metric tensor, the background field Φ ij and the volume element V transform according to
where A = Rθ + S and σ = −RA t . The action functional (27) is invariant under the gauge Morita equivalence if the coupling constant transforms according tô
Supersymmetric extensions of Yang-Mills theory on noncommutative tori were shown to arise within string theory essentially in two situations. In the first case one considers compactifications of the (BFSS or IKKT) Matrix model of M-theory [13] . A discussion regarding the connection between T-duality and Morita equivalence in this case can be found in section 7 of [14] . Noncommutative gauge theories on tori can be also obtained by taking the so called Seiberg-Witten zero slope limit in the presence of a Neveu-Schwarz B-field background [14] . The emergence of noncommutative geometry in this limit is discussed in the article "Noncommutative geometry from string theory" in this volume. Below we give some details on the relation between T-duality and Morita equivalence in this approach. Consider a number of Dp-branes wrapped on T p parameterized by coordinates x i ∼ x i + 2πr with a closed string metric G ij and a B-field B ij . The SO(p, p|Z) T-duality group is represented by the matrices
that act on the matrix
by a fractional transformation
The transformed metric and B-field are obtained by taking respectively the symmetric and antisymmetric parts of E ′ . The string coupling constant is transformed as
The zero slope limit of Seiberg and Witten is obtained by taking
Sending the closed string metric to zero implies that the B-field dominates in the open string boundary conditions. In the limit (33) the compactification is parameterized in terms of open string moduli
which remain finite. One can demonstrate that θ ij is a noncommutativity parameter for the torus and the low energy effective theory living on the Dp-brane is a noncomutative maximally supersymmetric gauge theory with a coupling constant
From the transformation law (31) it is not hard to derive the transformation rules for the moduli (34) in the limit (33)
Furthermore the effective gauge theory becomes a noncommutative Yang-Mills theory (17) with a coupling constant
(2π) p−2 G s which goes to a finite limit under (33) provided one simultaneously scales g s with ǫ as
where k is the rank of B ij . The limiting coupling constant g Y M transforms under the Tduality (31), (32) as
We see that the transformation laws (31) and (37) have the same form as the corresponding transformations in (25), (28), (29) provided one identifies matrix (26) with matrix (30) conjugated by T = 0 1 1 0 . The need for conjugation reflects the fact that in the BFSS M(atrix) model in the framework of which the Morita equivalence was originally considered, the natural degrees of freedom are D0 branes versus Dp branes considered in the above discussion of T-duality. One can further check that the gauge field transformations following from gauge Morita equivalence match with those induced by the T-duality. It is worth stressing that in the absence of a B-field background the effective action based on the gauge field curvature squared is not invariant under T-duality.
Instantons on noncommutative T θ
Consider a Yang-Mills field ∇ X on a projective module E over a noncommutative four-torus T 4 θ . Assume that the Lie algebra of shifts L θ is equipped with the standard Euclidean metric such that the metric tensor in the basis (7) is given by the identity matrix. The Yang-Mills field ∇ i is called an instanton if the self-dual part of the corresponding curvature tensor is proportional to the identity operator
where ω jk is a constant matrix with real entries. An antiinstanton is defined the same way by replacing the self-dual part with the antiself-dual one. One can define a noncommutative analog of Nahm transform for instantons [16] that has properties very similar to those of the ordinary (commutative) one. To that end consider a triple (P, ∇ i ,∇ i ) consisting of a (finite projective) (T
